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Statistically steady states of the ion temperature gradient driven turbulence with weak collisionality,
where the collision frequency is much lower than characteristic ones of the turbulence, are
investigated by means of a Eulerian kinetic simulation with high resolution. In the saturated state of
the entropy variable, the ion heat transport balances with the collisional dissipation that is
indispensable to realizing a steady-turbulence state of perturbed distribution function d f . The
kinetic simulation definitely confirms the conventional hypothesis that, in a low-collisionality limit,
the low-order velocity-space moments of d f as well as the ion heat transport flux agree with those
in the quasisteady state of the collisionless turbulence with the constant entropy production. A
spectral analysis of d f in the velocity-space clarifies the transfer and dissipation processes of the
entropy variable associated with fluctuations, where the phase mixing, the E3B nonlinearity, and
the finite collisionality are taken into account. A power-law scaling predicted by the theoretical
analysis is also verified by the simulations in a subrange of the power spectrum which is free from
the entropy production and the collisional dissipation. © 2004 American Institute of Physics.
@DOI: 10.1063/1.1669393#
I. INTRODUCTION
Turbulent transport in high-temperature plasmas has
long been a key issue in the magnetic confinement fusion
research,1 since it is considered as a main cause of the
anomalous transport of particles and energy. Understanding
the microscopic turbulence is important as the first step to
prediction and control of the anomalous transport. Extensive
simulation studies2 on drift wave turbulence, such as the ion
temperature gradient ~ITG! mode, have revealed several im-
portant aspects of the turbulent transport in magnetically
confined plasmas, for example, the transport suppression by
the self-generated zonal flow.3 Nevertheless, saturation
mechanism of the collisionless turbulence has been an open
question. Since the collisionless gyrokinetic equation has
time-reversal symmetry, one needs to consider a coarse-
grained form of the one-body velocity distribution function f
with small-scale fluctuations in order to define an irreversible
transport process in collisionless turbulence.
It has been pointed out that, when a steady transport flux
is observed in the collisionless turbulence, a quasisteady
state should be realized,4–6 where high-order velocity-space
moments of the perturbed distribution function d f continue
to grow but the low-order ones are constant in average. Here,
d f [ f 2FM is deviation from the equilibrium given by the
Maxwellian velocity distribution FM . Existence of the qua-
sisteady state in the collisionless ITG turbulence has been
confirmed by means of a Eulerian ~so-called Vlasov! numeri-
cal simulation of the gyrokinetic equation.7 The phase mix-
ing generates fine-scale fluctuations of d f , and leads to con-
tinuous growth of the high-order moments, as well as an
entropy variable associated with fluctuations ~that is defined
by a square integral of d f ! of which the growth rate balances
with the transport flux multiplied by a normalized ion tem-
perature gradient ~see Sec. III A for more detail!.
If the collisionless assumption has a practical meaning
for considering the steady anomalous transport in an actual
plasma with weak but finite collisionality, the quasisteady
state should be an idealization of a real statistically steady
state in a weak-collisionality limit. Namely, for sufficiently
low collision frequencies, statistical behaviors of the low-
order moments such as the transport flux should agree with
those in the collisionless turbulence. Our concern here is,
thus, to find the collisionality dependence of the kinetic ITG
turbulent transport, and to examine the above conjecture on
the relation between the steady and quasisteady states. Intro-
duction of the finite collisionality allows the system to ap-
proach the real steady state. Even if the collision frequency is
much lower than characteristic ones of the ITG modes, it
definitely affects evolution of the system through dissipation
of the fine-scale fluctuations of d f in the velocity space.
In simulations of the ITG turbulence shown below, we
employ a two-dimensional slab model without complication
of interaction between the zonal flow and the turbulence, as
has been done in our previous work.7 The Eulerian kinetic
simulation with the simplified model setting enables us not
only to investigate fundamental processes in plasma turbu-
lence, such as the E3B advection, the phase mixing, and the
collisional dissipation, but also to give a useful reference for
construction of kinetic–fluid closure models.6,8 This is be-
cause collisionless fluid simulations of the steady turbulence
transport are based on the conjecture on existence of the
quasisteady state of turbulence. A detailed comparison be-
tween the collisionless kinetic and fluid simulations of the
slab ITG turbulence has recently been carried out,9 where the
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transport coefficient given by the fluid simulation with the
nondissipative closure model is in good agreement with the
kinetic results.
In the latter part of this paper, a velocity-space power
spectrum of d f represented by a quadratic form of the
Hermite-polynomial expansion coefficients is investigated in
analogy with the passive scalar convection in the homoge-
neous isotropic turbulence of a neutral fluid.10 The spectral
analysis elucidates the entropy transfer process from macro-
to microscales in the phase space through the phase mixing
and the E3B nonlinearity. The entropy variable is damped
by collisions in a microvelocity scale. Similarly to the
viscous-convective subrange in a power spectrum of the pas-
sive scalar, we identify a subrange in the power spectrum of
d f which is free from the entropy production and the colli-
sional dissipation. A scaling law for the spectrum of the en-
tropy variable in this subrange will also be derived in this
paper.
This paper is organized as follows. Our simulation
model is described in Sec. II. Simulation results are pre-
sented in Sec. III, where the statistically steady state of the
weakly collisional turbulence is discussed in Sec. III A. The
collision frequency dependence of the transport flux and a
convergence check to mode truncation in the wave number
space are given in Secs. III B and III C, respectively. The
spectral analysis of the distribution function is described in
Sec. IV. The obtained results are summarized in Sec. V.
II. SIMULATION MODEL
Our simulation model considered here is the same as in
the previous work7 on the collisionless ITG turbulence ex-
cept for an ion–ion collision term. We consider a periodic
two-dimensional slab configuration with translational sym-
metry in the z direction, where the uniform magnetic field is
set in the y – z plane such that B5B( zˆ1u yˆ) with u!1.
Equations numerically solved here are derived from a v’
integral of the gyrokinetic equations11 by neglecting the par-
allel nonlinear term and by assuming d f k(v i ,v’)
5 f˜k(v i)FM(v’), where FM denotes the Maxwellian veloc-
ity distribution. We also assume constant density and tem-
perature gradients of the background ions in the x direction
with much larger scale lengths @Ln[2d(ln n)/dx and LT
[2d(ln Ti)/dx] than the fluctuation wave lengths. This as-
sumption enables us to simulate the local turbulent transport
process without the quasilinear flattening of the background
temperature profile, and is considered to be relevant to simu-
lating realistic experimental conditions where the back-
ground inhomogeneities tend to persist as quasistatic profiles
because of the continuous supply of particles and energy.12
Therefore, we arrive at the following equations represented
in the wave number space k5(kx ,ky) as
] t f˜k1iQv iky f˜k1 (
k5k81k9
~ky8kx92kx8ky9!Ck8 f˜k9
52ikyCk@11~v i2212k2!h i /21Qv i#FM~v i!
1Ci~ f˜k!, ~1!
and
@12G0~k2!#fk5e2k
2/2E f˜k~v i!dv i2 n˜e ,k , ~2!
where the electric potential fk is related to Ck by Ck
5e2k
2/2fk , with k25kx
21ky
2
. The background electron
temperature Te5Ti and the adiabatic electron response are
also assumed, such that n˜e ,k5fk for kyÞ0. Here, for com-
parison between the collisionless and weakly collisional tur-
bulence, we consider a limiting case with no zonal flow com-
ponent of ky50 by fixing f˜ky505fky5050, as has been
done in our previous simulation7 with the aim of simulating
a large transport level observed in a toroidal geometry. In the
slab configuration, otherwise, the turbulence is too severely
suppressed by the zonal flow to cause a mean transport.7 The
assumption of no zonal flow also enables us to examine a
finite-collisionality effect on turbulence without complica-
tion of the collisional damping of the zonal flow and its
interplay with turbulence.13 In addition, we neglect kx50
modes of f˜k and fk , since they are included in the back-
ground part with constant density and temperature gradients
in the x direction.12
Equations ~1! and ~2! are normalized as follows: x5x8/
r i , y5y8/r i , v5v8/v ti , t5t8v ti /Ln , f˜5 f˜8Lnv ti /r in0 ,
and f5ef8Ln /Tir i , where v ti , r i (5v ti /V i), V i , n0 , e ,
and Ti are the ion thermal velocity, the ion thermal gyrora-
dius, the ion cyclotron frequency, the background plasma
density, the elementary charge, and the background ion tem-
perature (Ti5miv ti2 ; mi means the ion mass!, respectively.
Prime means a dimensional quantity. Q is defined as Q
5uLn /r i . h i and G0(k2) are given by h i5Ln /LT and
G0(k2)5exp(2k2)I0(k2), respectively. I0(z) is the zeroth
modified Bessel function of z .
The parallel advection term on the left-hand side of Eq.
~1! contributes to generation of fine-scale fluctuations of f˜k
in the velocity space, that is, the phase mixing. The instabil-
ity drive is contained in the first term on the right-hand side
of Eq. ~1!. The second term on the right-hand side denotes
the ion–ion collision term for which we employ the Lenard–
Bernstein model collision operator
Ci~ f˜k!5n]v i@]v i1v i# f˜k~v i!, ~3!
with the collision frequency n normalized by v ti /Ln . The
collision operator in Eq. ~3! makes f˜k approach FM preserv-
ing the mass. Although the momentum and the energy are
not conserved, it doesn’t cause a significant influence on the
results in the present study.
Velocity-space derivatives in the collision term are cal-
culated in the velocity wave number space l into which
f˜k(v i) is Fourier transformed from the v i space discretized
by a uniform grid in a range of 2vmax<vi<vmax , with
vmax510v ti . Then, they are transformed back to the v i
space. f˜k is fixed to zero at v i56vmax , since the fluctuation
amplitude at the velocity-space boundary is negligibly small.
For the collisionless case, we set vmax55vti . We have em-
ployed sufficient resolution of the velocity space in accor-
dance with the magnitude of n; finer grid spacing for v i is
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necessary for a smaller value of n. Numerical time integra-
tion is carried out by the fourth-order Runge–Kutta–Gill
method, with careful convergence checks to the time step Dt
so as to keep enough accuracy, while a nondissipative time-
integration scheme is employed for the collisionless
simulation.14,15 The minimum and maximum values of the
wave number are set to kmin50.1 and kmax53.2, respectively,
for both of the kx- and ky directions with the 3/2 rule for
dealiasing in the spectral method. Results of a convergence
check to kmax are given in Sec. III C.
III. SIMULATION RESULTS
A. Steady state of weakly collisional turbulence
In the system described above, we note a balance equa-
tion of entropy variable defined by a functional, dS
5(k*dv iu f˜ku2/2FM , that is
d
dt ~dS1W !5h iQi1D , ~4!
which is derived from Eq. ~1! by multiplying f˜k*/FM ~where
the asterisk denotes complex conjugate! and taking the
velocity-space integral and summation over k. Here, Qi , W ,
and D are defined as the perpendicular ion heat flux Qi
5(k*dv i(2ikye2k
2/2fk)v i2 f˜2k /2, the potential energy W
5(k@(Ti /Te)112G0#ufku2/2, and the collisional
dissipation D5(k*dv i f˜2kCi( f˜k)/FM52n(k*dv iu]v i f˜k
1v i f˜ku2/FM,0, respectively. It is also remarked that dS is
rewritten as dS5SM2Sm within the second order for d f
5 f 2FM , where SM52*d3vFM ln FM and Sm
52^*d3v f ln f& represent macroscopic and microscopic en-
tropy per unit volume, respectively. ^...& means ensemble av-
erage. Here, dS corresponds to the opposite sign of the ex-
cess entropy defined by Glansdorff and Prigogine.16
In the collisionless system with n50, as we have shown
in Ref. 7 for the no zonal flow case, the quasisteady state
characterized by monotonical increase of dS is realized in
turbulence while keeping W and Qi constant in average, that
is
d~dS !/dt’h iQi, ~5!
where fl indicates time averaging on a certain period longer
than a characteristic time of the turbulence. On the other
hand, even if n is much smaller than inverse of the charac-
teristic time of instabilities, introduction of the collision term
may lead to statistically steady turbulence, where not only
low-order moments but also the distribution function itself
are statistically steady. Therefore, in the case with finite col-
lisionality, it is expected that d(dS)/dt’0 and
h iQi’2D¯ .0. ~6!
In order to examine effects of the finite collisionality, we
have performed several simulations for different n’s.
Throughout the simulation runs shown below, we set h i
510 and Q52.5. For these parameters, in the collisionless
case, the angular frequency vr and the linear growth rate v i
of the most unstable mode with kx50.1 and ky50.3 are vr
520.957 and v i57.7331022 ~normalized by v ti /Ln), re-
spectively, of which changes due to finite values of n are
negligible in the present parameter range. dS given by the
weakly collisional simulation of the ITG turbulence for n
51.2531024 is plotted as a function of time in Fig. 1, where
the collisionless simulation result is also shown as a refer-
ence. Time evolutions of dS for different values of n @which
is changed from (1/512)31023 to 831023] are similar to
that for n51.2531024 in Fig. 1. In the quasisteady state of
the collisionless turbulence, one finds the monotonical in-
crease of dS , while the potential energy W and the heat flux
Qi are saturated.7 In the finite collisionality case, however,
the growth of dS ceases in the turbulence as well as W and
Qi . It means that not only the low-order but also the high-
order moments of d f are statistically steady in the weakly
collisional case, since dS is also represented by the sum of
squares of the velocity space moments, dS5(ndSn @see Eq.
~8! for definition of dSn].6 Time histories of each term in Eq.
~4!, d(dS)/dt , dW/dt , h iQi , and D for n51.2531024, are
plotted in Fig. 2, where data are running averaged for a time
period of t550. One can see that the collisional dissipation
D balances with the mean transport, that is, h iQi’2D¯ ,
FIG. 1. Time evolution of dS for collisionless (n50) and weakly colli-
sional (n51.2531024) cases.
FIG. 2. Time history of each term in Eq. ~4!, d(dS)/dt , dW/dt , h iQi , and
D for n51.2531024, where data are running averaged for a time period of
t550.
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while d(dS)/dt’dW/dt’0. This also means that the
weakly collisional turbulence is in the real statistically steady
state. The high accuracy in calculation of the entropy balance
is achieved by the sufficient velocity-space resolution of the
Eulerian kinetic simulation.
B. Collision frequency dependence of transport
Collision frequency dependence of the ion heat transport
coefficient, x i[Qi /h i , is summarized in Fig. 3, where the
time average is taken from t51000 to 3000. According to
the value of n, the time step Dt is changed from 1/80 to
1/320 so that the numerical error in Eq. ~4! should be much
smaller than h iQi and D¯ . The error bars are estimated from
the standard deviation of running-averaged x i for a time pe-
riod t510. In a range of 1.2531024,n,831023, x i has
a logarithmic dependence on n. The n dependence of x i be-
comes quite weak for lower collision frequencies (n<1.25
31024), where x i approaches a level of the collisionless
one shown by a horizontal dashed line in Fig. 3, that is, x i
’0.36r i
2v ti /Ln . From the results shown in Figs. 1–3, it is
summarized that, if n is small enough, then the collision term
does not influence the low-order moments of d f as well as
the transport coefficient x i , while it is indispensable to real-
izing the statistically steady turbulence through damping of
the high-order ones generated by the phase mixing. These
facts agree with a concept that the quasisteady state is re-
garded as an idealization of the real steady state in the weak-
collisionality limit.6
C. Convergence check to mode truncation
We have also carried out simulation runs with different
values of the maximum wave number kmax in mode trunca-
tion such as kmax51.6, 3.2, 4.8, 6.4, and 12.8, for n51.25
31024. The results are summarized in Fig. 4 in terms of the
ion heat transport coefficient x i . The numerical simulation is
carried out up to t53000, and the time-averaging period is
the same as those in Fig. 3. However, the simulation with
kmax512.8 could only be run up to t51200, because it re-
quires a large amount of computational cost. The time aver-
aging is, thus, taken from t51000 to 1200, although it does
not affect the results. One can see good convergence of x i
for kmax>3.2, while x i for kmax51.6 is about 30% larger
than the others. One of the reasons is that, in the case of
kmax51.6, the potential amplitude at k5kmax is not suffi-
ciently damped by the finite Larmor radius ~FLR! effect that
is represented as exp(2k2/2) in the definitions of fk and
Ck . Convergence of the simulation results to kmax is also
discussed in the next section.
IV. SPECTRAL ANALYSIS OF THE DISTRIBUTION
FUNCTION IN THE VELOCITY SPACE
A. Theoretical framework
The parallel advection term in Eq. ~1! generates fine-
scale fluctuations of the perturbed distribution function d f in
the velocity space ~phase mixing!. The small-scale compo-
nents of d f are effectively damped by the collision term with
the second derivative in v i . Here, we investigate a power
spectrum of the velocity distribution function d f . For the
spectral analysis of d f , it is meaningful to pay attention to
the transfer of the entropy variable dS from macro to micro
velocity scales. Using the basic equations, Eqs. ~1! and ~2!,
we obtain
d
dt FdSn1dn ,1 12 (k ufku2$22G0~bk!%G
5Jn21/22Jn11/21dn ,2h iQi22nndSn , ~7!
where
dSn[(
k
dSk,n[(
k
1
2 n!u fˆ k,nu
2
, ~8!
Jn21/2[(
k
Qkyn! Im~ fˆ k,n21 fˆ k,n* !, ~9!
Jn11/2[(
k
Qky~n11 !! Im~ fˆ k,n fˆ k,n11* !, ~10!
FIG. 3. Anomalous ion heat transport coefficient (x i) for different collision
frequency n averaged from t51000 to 3000. A horizontal dashed line rep-
resents x i for n50.
FIG. 4. Ion heat transport coefficient x i for different truncation wave num-
bers kmax with n51.2531024.
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and dn ,m51(n5m),0(nÞm). Here, fˆ k,n (n50,1,2,.. .) are
defined as coefficients in the Hermite-polynomial expansion
of f˜k
f˜k~v i!5 (
n50
‘
fˆ k,nHn~v i!FM~v i!. ~11!
In the steady state, the left-hand side of Eq. ~7! vanishes. We
see that Jn21/2 (Jn11/2) represents the entropy transfer from
the (n21)th (nth) to the nth @(n11)th# Hermite-
polynomial portion. The third and fourth terms on the right-
hand side of Eq. ~7! represent the entropy production due to
the downward turbulent heat flux in the temperature gradient
and the collisional dissipation, respectively. It is important to
note that, in the range n>3, the entropy production rigor-
ously disappears, which is the reason why the Hermite-
polynomial expansion is employed here. A clear cutoff of the
entropy production like this never occurs if we use the Fou-
rier expansion in terms of exp(ilvi) (2‘,l,‘) as basis
functions.
Note that
Hn~x !e2x
2/25
in
A2p
E
2‘
‘
dl eilxe2l2/2ln, ~12!
where the function e2l
2/2ln of l has the maximum absolute
value at l56An and is expanded around it as
e2l
2/2ln.e2n/2nn/2@12~ l7An !2# . ~13!
Thus, the main contribution to the nth component of the
Hermite expansion is from the Fourier components with
ul/An71u,1/An , so that we may use the relation n.l2 for
n@1. The inverse of Eq. ~12! is given by
eilx5e2l
2/2(
n50
‘
Hn~x !
inln
n! . ~14!
The phase mixing process described in Eq. ~1! causes the
factor exp@il(t)vi# in the distribution function, where l(t) sat-
isfies dl(t)/dt52Qky . Then, the sign of l(t) is opposite to
that of ky for large t so that we write l(t)
.2(ky /ukyu)An(t) with the order n(t) of the Hermite-
polynomial expansion as a function of t .
For n>3 in the steady state, we find from Eq. ~7! that
22nndSn5Jn11/22Jn21/2.
dJn
dn , ~15!
where n is treated like a continuous variable and the finite
difference is approximated by the derivative. The ratio of Jn
to dSn is written as
Jn
dSn
5
~n11/2!!(kQky Im~ fˆ k,n21/2fˆ k,n11/2* !
1
2 n!(ku fˆ k,nu2
.2QAn (kukyuu f
ˆ k,nu2
(ku fˆ k,nu2
[2QAn^ukyu&n , ~16!
where (n11/2)!/n!5G(n13/2)/G(n11).An for large n
and the averaging operator ^&n[((ku fˆ k,nu2)/((ku fˆ k,nu2)
are used. In Eq. ~16!, we put fˆ k,n21/2fˆ k,n11/2*
.i(ky /ukyu)u fˆ k,nu2 by assuming the n dependence of the
phase of fˆ k,n to be described mainly by Eq. ~14! with l
.2(ky /ukyu)An .
Now, let us examine the role of the E3B convection
term. In analogy with the study by Batchelor on the spectrum
of the passive scalar for wavelengths smaller than the Kol-
mogorov scale in the large Prandtl number case,10 we postu-
late that, for large n , fˆ k,n varies so rapidly that E3B flow
acting on fˆ k,n is regarded as a steady one which is statisti-
cally independent of fˆ k,n . Then, the strain of the steady flow
is considered to cause the exponential growth of the wave
number of the convected variable. Thus, writing ky(t)}egt
and using An52(ky /ukyu)l5Q*dtukyu, we have Qukyu
.gAn , which is substituted into Eq. ~16! to yield
Jn /dSn52gn . ~17!
Substituting Eq. ~17! into ~15! and integrating it with respect
to n , we obtain
dSn5
s
2gn expS 2 nng D , ~18!
where s coincides with the entropy production rate as shown
by the constraint derived from Eq. ~7!
s52nE
0
‘
ndSn dn.2n(
n
ndSn5h iQi . ~19!
Thus, in the range where neither entropy production nor col-
lisional dissipation occurs (1!n!g/n), we expect the
power law of dSn}1/n with Jn5s5const which is analo-
gous to the passive scalar spectrum and its power transfer in
the viscous-convective subrange.
In the above analytical treatment, ^ukyu&n}An increases
infinitely with n . However, in the numerical simulation per-
formed in the present study, there exists the upper limit of
uku. Even if the potential amplitude is sufficiently damped at
the maximum wave number in the simulation, still f k,n for
large uku and large n is continuously produced by the combi-
nation of the E3B convection and the phase mixing process.
Therefore, saturation of ^ukyu&n with increasing n is antici-
pated due to the upper limit of uku. In this case, taking
Q^ukyu&n5gM as independent of n , we obtain from Eqs. ~15!
and ~16!
Jn /dSn52gMAn , ~20!
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and
dSn5
s
2gMAn
expS 2 23 nn
3/2
gM
D , ~21!
where s is the same as given by Eq. ~19!.
B. Application to the simulation results
Let us compare the theoretical analysis given above with
the simulation results. For different collision frequencies n,
we have plotted dSn and Jn21/2 /s in Figs. 5 and 6, respec-
tively. The maximum wave number is kmax53.2. One can
see that dSn at n51, 2, and 3 has almost the same values for
different n, and is followed by a power-law profile but with
n-dependent exponents @dSn}n2a where a(n).0]. Then,
dSn exponentially decays in the dissipation range, where the
collision term is dominant, of which a typical value of n is
scaled as nd}n22/3 in consistent with Eq. ~21!. Thus, kmax
affects the spectra for high n’s.
Profiles of dSn obtained by simulations depend on n as
well as kmax and seem to be described by a mixture of Eqs.
~18! and ~21!. Certainly, for sufficiently small n (<1.25
31024), we have confirmed 0.5,a,1. If the collisional
dissipation on the left-hand side of Eq. ~15! is neglected, one
finds that Jn21/2.const. In correspondence, for n<1.25
31024, there exists a flat profile of Jn21/2 where neither the
entropy production nor the collisional dissipation is seen. For
larger n, the subrange with constant Jn21/2 ends at relatively
small n , which means that the entropy production region on
the low-n side and the dissipation range are not separated
well. Thus, lower-order moments and transport are influ-
enced by n. Therefore, it results in the spectrum of dSn with
a.1 for the relatively large values of n (n.1.2531024). It
is also noteworthy that the logarithmic dependence of x i on n
is observed in Fig. 4 for the same parameter range of n as
that discussed here.
The entropy variable dSk,n before taking summation
over k in Eq. ~7! is transferred in the (k,n) space by the
phase mixing as well as the E3B advection. The latter effect
can be found in profiles of dSky ,n[(kxdSk,n , of which
cross-sectional plots are shown in Fig. 7 for the case with
n51.2531024 and kmax512.8. A steeply peaked profile of
dSky ,n at around ky50 in n,100 ~as shown by the upper
three lines in Fig. 7! disappears with increasing n . This is
caused by the growth of ^ukyu&n due to the strain of the E
3B flow. Then, the whole profile gradually broadens, until
the saturation of ^ukyu&n occurs due to the finite kmax .
The growth and saturation of the spectrum-averaged
wave number ^ukyu&n defined in Eq. ~16! is more clearly rec-
ognized in Fig. 8. For kmax512.8, ^ukyu&n grows nearly in
proportion to An from n53 to ;100, which agrees with the
estimate of Qukyu.gAn used for derivation of Eq. ~17!. As
n increases, then, the growth of the wave number slows
down due to the upper limit kmax . A similar evolution of
^ukyu&n is also found for smaller kmax , although the slow-
FIG. 5. Spectrum of dSn versus order of the Hermite-polynomial expansion
n for different collision frequencies n. The maximum wave number is
kmax53.2. Upper and lower dotted straight lines represent }1/An and }1/n ,
respectively.
FIG. 6. Plots of Jn21/2 defined in Eq. ~9! normalized by s for different
collision frequencies n with kmax53.2.
FIG. 7. Cross-sectional plots of dSky ,n versus ky at n54, 16, 64, 256, and
1024 for n51.2531024 and kmax512.8.
1481Phys. Plasmas, Vol. 11, No. 4, April 2004 Kinetic simulation of steady states of ion temperature . . .
Downloaded 22 Apr 2007 to 133.75.139.172. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp
down of the wave number growth is observed at lower n .
Even if kmax is small, thus, the values of dSn at n51, 2, and
3 are unchanged, except for the case of kmax51.6, where
^ukyu&n increases slower than An . The above result is consis-
tent with the convergence check of the transport coefficient
x i to kmax given in Sec. III C. Therefore, we can conclude
that the obtained x i as well as the entropy transfer process on
the macro velocity scale but in a small uku region is insensi-
tive to the maximum wave number of kmax>3.2.
It is meaningful to estimate g and gM from the simula-
tion result. Let us suppose ^ukyu&n;0.2An according to Fig.
8, and substitute it into Q^ukyu&n.gAn . Thus, we find g
;0.5 for Q52.5. In the dissipation range of n*103, how-
ever, ^ukyu&n;6 for kmax512.8 as shown in Fig. 8, and thus,
gM5Q^ukyu&n;15. The spectrum dSn obtained by the simu-
lation with kmax512.8 is then compared with those given by
the theoretical analysis with s536 in Fig. 9, where the solid,
dashed, and dotted lines indicate the simulation result, Eq.
~18! with g50.5, and Eq. ~21! with gM515, respectively.
One can see that the simulation result is nearly proportional
to that of Eq. ~18! in a range of 3<n&103. In this range n
&103, the constant factor s/2g in Eq. ~18! gives smaller
values of dSn than that obtained by the simulation. The rea-
son for this is understood as follows. We should recall that
the constant factor is derived from the constraint
2n*ndSn dn5s , where s is evaluated from the simulation
result. Then, in the range n&103, the spectrum dSn in Eq.
~18! needs to be smaller than that in the simulation in order
to satisfy the constraint because, for n*103, the latter spec-
trum is smaller than the former due to the effect of finite
kmax . However, in the dissipation range of n*103, the spec-
trum found in the simulation is well fitted by Eq. ~21!. The
above results show that the transfer process of the entropy
variable observed by the Eulerian kinetic simulations of the
slab ITG turbulence can be well described by combining the
analytical expressions in Eqs. ~18! and ~21! in Sec. IV A. It is
expected that, if we can employ a sufficiently high value of
kmax , the simulation will reproduce the spectrum dSn in Eq.
~18! for the whole range n>3.
V. CONCLUDING REMARKS
We have carried out Eulerian kinetic simulations of the
slab ITG turbulence with weak collisionality, where we have
employed the gyrokinetic equation ~integrated for v’) with
the Lenard–Bernstein model collision operator and the
quasineutrality condition. Introduction of finite collisionality
enables us to find the real statistically steady state of turbu-
lence, where not only the turbulence energy and the transport
flux but also the entropy variable dS[*d f 2/2FM dv are con-
stant in average. Then, the ion heat transport flux Qi multi-
plied by h i is balanced with the collisional dissipation. It is
in contrast to the quasisteady state of the collisionless turbu-
lence, where d(dS)/dt balances with h iQi but with constant
energy.7 A parameter survey for the collision frequency n
shows the logarithmic dependence of x i on relatively large
values of n. For sufficiently low collision frequency, how-
ever, the transport coefficient x i approaches a value in the
collisionless case, which means that the low-order velocity-
space moments of the distribution function in the quasisteady
state of the collisionless turbulence agree with those in the
real steady state of weakly collisional one. It is also con-
firmed that x i has a good convergence to the maximum wave
number kmax>3.2 employed in the simulations.
We have also done the spectral analysis of the distribu-
tion function in the velocity space by means of the Hermite-
polynomial expansion with the Maxwellian weight function.
The entropy variable dSn defined by a power spectrum of the
distribution function has almost the same values at n51, 2,
and 3 even for different values of n, where n denotes the
order of the Hermite-polynomial expansion. This is consis-
tent with the n dependence of x i for the low-collisionality
case described above as well as the conjecture by Krommes
and Hu such as ‘‘flux determines dissipation.’’ 4 The entropy
variable produced on the low-n side is transferred in the
(k,n) space by the phase mixing and the E3B nonlinearity.
Then, it is dissipated by the collision term on a high-n side.
Our theoretical analysis of the spectrum describes well how
dSn (n@3) depends on n , n, and kmax . In analogy with the
passive scalar convection for wavelength smaller than the
FIG. 8. Spectrum-averaged wave number ^ukyu&n defined in Eq. ~16! for
kmax51.6, 3.2, 6.4, and 12.8 with n51.2531024. Upper and lower dotted
lines represent ^ukyu&n50.3An and 0.2An , respectively.
FIG. 9. Plot of dSn for n51.2531024 and kmax512.8 ~solid!. Theoretical
spectra given by Eq. ~18! with g50.5 and Eq. ~21! with gM515 are also
shown by dashed and dotted lines, respectively, where s536.
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Kolmogorov scale in the large Prandtl number case, the scal-
ing law, dSn}1/n , is found in the subrange of the n space
where neither entropy production nor collisional dissipation
occurs.
The two-dimensional slab ITG turbulence is considered
in the present study, while the entropy balance equation simi-
lar to Eq. ~4! can also be derived from the toroidal gyroki-
netic equation.17 The relationship between the steady and
quasisteady states shown in Sec. III is expected to be valid in
the toroidal configuration as well, although further investiga-
tions are required. In the toroidal gyrokinetic case, the phase-
mixing process becomes more complicated because the tor-
oidal magnetic drift should be taken into account. Extension
of the present study to the toroidal configuration is currently
in progress and will be reported elsewhere.
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